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AN ESTIMATE FOR BOUNDED SOLUTIONS OF THE
HERMITE HEAT EQUATION
BISHNU PRASAD DHUNGANA
Abstract. An estimate result on the partial derivatives of the Mehler kernel
E(x; ; t) for t > 0 is rst established. Particularly for 0 < t < 1, it extends
the estimate result given by S. Thangavelu in his monograph A lecture notes
on Hermite and Laguerre expansions on the order of the partial derivative
of the Mehler kernel with respect to the space variable. Furthermore, for
each m 2 N0, a growth estimate on the partial derivative @
mU(x;t)
@xm
of all
bounded solutions U(x; t) of the Cauchy Dirichlet problem for the Hermite
heat equation is established.
1. Introduction
As introduced in [1], we denote by E(x; ; t) the Mehler kernel dened by
E(x; ; t) =
 P1
k=0 e
 (2k+1)thk(x)hk(); t > 0;
0; t  0;
where hk's are L
2 { normalized Hermite functions dened by
hk(x) =
( 1)k ex2=2p
2kk!
p

dk
dxk
e x
2
; x 2 R:
Moreover the explicit form of E(x; ; t) for t > 0 is
E(x; ; t) =
e t e 
1
2
1+e 4t
1 e 4t (x )
2  1 e 2t
1+e 2t x
p
(1  e 4t) 12 :
We note that for each  2 R, E(x; ; t) satises the Hermite heat equation. In
(Theorem 3.1, [2]), we proved that
U(x; t) =
Z 1
0
fE(x; ; t)  E(x; ; t)g()d (1.1)
is a unique bounded solution of the following Cauchy Dirichlet problem for the
Hermite heat equation8<: (
@
@t   @
2
@x2 + x
2)U(x; t) = 0; x > 0; t > 0;
U(x; 0) = (x); x > 0;
U(0; t) = 0; t > 0;
(1.2)
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where  is a continuous and bounded function on [0;1) with (0) = 0.
It is not necessary that every bounded solution of the Hermite heat equation
should satisfy a xed growth behavior on its mth partial derivative with respect to
the space variable. However, since the solution U(x; t) in (1.1) is a unique solution
of (1.2), it is natural to make an eort for obtaining a xed growth estimate
on @
mU(x;t)
@xm . But it is not as easy as we anticipate. To nd a growth estimate
on @
mU(x;t)
@xm , we require rst to obtain an estimate on
@mE(x;;t)
@xm . Note that an
estimate on the partial derivatives of the heat kernel
E(x; t) =
(
(4t) 
1
2 e 
x2
4t ; t > 0;
0; t  0;
with respect to the space variable has been given in [3]:@mE(x; t)@xm
  Cmt  (1+m)2 m! 12 e  ax24t ; t > 0;
where C is some constant and a can be taken as close as desired to 1 such that
0 < a < 1.
Though the estimates of the following types on the Mehler kernel for 0 < t < 1
and B independent of x;  and t@E(x; ; t)@x
  Ct 1 e Bt jx j2 ; (1.3)
@2E(x; ; t)@x @
  Ct  32 e Bt jx j2 ;
are provided in [4], the estimate on the partial derivatives of the Mehler kernel of
all order with respect to the space variable is yet to be established.
Lemma 2.1 that gives an estimate on @
mE(x;;t)
@xm for each nonnegative integer m,
is therefore a novelty of this paper which as an application yields
t
m
2 e mt
@mU(x; t)@xm
 M in [0;1) [0;1)
for some constant M , the main objective and the nal part of this paper.
2. Main Results
Lemma 2.1. Let E(x; ; t) be the Mehler kernel and m 2 N0. Then for some
constants a with 0 < a < 1 and A := A(a) > 0@mE(x; ; t)@xm
 
p
m! e(A+1)mp
 21+
m
2
emt
t
m+1
2
e
  ae 2t(x )2
1 e 4t :
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Proof. By the Cauchy integral formula, we have
@mE(x; ; t)
@xm
=
m!
2i
Z
 R
E(; ; t)
(   x)m+1 d
=
m!
2
3
2 i
Z
 R
e te 
1
2
1+e 4t
1 e 4t ( )
2  1 e 2t
1+e 2t 
(   x)m+1 (1  e 4t) 12 d;
where  R is a cirle of radius R in the complex plane C with center at x. With
 = x+Rei, we have@mE(x; ; t)@xm
  m!e t2 32Rmp1  e 4t
Z 2
0
e
  12 1+e
 4t
1 e 4t (x +Re
i)2  1 e 2t
1+e 2t (x+Re
i)
d:
Then, writing S for x+R cos , we have@mE(x; ; t)@xm
  m! e t2 32Rmp1  e 4t
Z 2
0
e
 
h
1
2
1+e 4t
1 e 4t f Sg
2+ 1 e
 2t
1+e 2t S
i
e
  12 1+e
 4t
1 e 4tR
2
d:
Let P = 12
1+e 4t
1 e 4t and Q =
1 e 2t
1+e 2t . Then P > 0 and Q > 0 since t is positive. Now
using the inequality
P f   (x+R cos )g2 +Q(x+R cos ) 

P   Q
2

f   (x+R cos )g2 ;
we have@mE(x; ; t)@xm
  m! e t2 32Rmp1  e 4t
Z 2
0
e
  e 2t
1 e 4t (x +R cos )
2+ 12
1+e 4t
1 e 4tR
2
d
 m! e
 t
p
Rm
p
1  e 4t e
  e 2t
1 e 4t ~x
2+ 12
1+e 4t
1 e 4tR
2
;
where ~x = x    R or 0 or x   +R. Since the ratio exp

1
2
1+e 4t
1 e 4tR
2

Rm attains its
minimum at R =
p
m
2b where b =
1
2
1+e 4t
1 e 4t , we have@mE(x; ; t)@xm
  m! e t em2pp1  e 4tmm2

1 + e 4t
1  e 4t
m
2
e
  e 2t
1 e 4t ~x
2
: (2.1)
But with 0 < a < 1 and jj  1
e
  e 2t
1 e 4t (x +R)
2
= e
  ae 2t
1 e 4t (x )
2
e
  e 2t
1 e 4t [(1 a)(x )
2+2(x )R+2R2]
= e
  ae 2t
1 e 4t (x )
2
e
  (1 a)e 2t
1 e 4t
h
(x + R1 a )2  a
2R2
(1 a)2
i
 e  ae
 2t
1 e 4t (x )
2
e
Ae 2t
1 e 4tR
2
;
where A = a1 a . Then clearly
e
  e 2t
1 e 4t ~x
2  e  ae
 2t
1 e 4t (x )
2
e
Ae 2t
1 e 4tR
2
:
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Using R2 = m(1 e
 4t)
1+e 4t and the inequalities
e 2t
1+e 4t  12 , 1+e
 4t
1 e 4t  e
2t
2t for every
t > 0, (2.1) reduces to@mE(x; ; t)@xm
 
p
m! e(A+1)mp

e tp
1  e 4t
emt
2
m
2 t
m
2
e
  ae 2t(x )2
1 e 4t : (2.2)
Furthermore, since e
 tp
1 e 4t  12pt for every t > 0 we obtain@mE(x; ; t)@xm
 
p
m! e(A+1)mp
 21+
m
2
emt
t
m+1
2
e
  ae 2t(x )2
1 e 4t : (2.3)
This completes the proof. 
Remark 2.2. For 0 < t < 1, in view of (2:3) and   e 2t1 e 4t    18t it is easy to see
that @mE(x; ; t)@xm
 
p
m! e(A+3)mp
 21+
m
2 t
m+1
2
e 
a(x )2
8t
which extends the estimate result (1.3) on the orderm > 1 of the partial derivative
of E(x; ; t) with respect to the variable x.
Theorem 2.3. Every bounded solution of the Cauchy Dirichlet problem for the
Hermite heat equation8<: (
@
@t   @
2
@x2 + x
2)U(x; t) = 0 x > 0; t > 0;
U(x; 0) = (x) x > 0;
U(0; t) = 0 t > 0;
(2.4)
satises the following growth estimate
t
m
2 e mt
@mU(x; t)@xm
 M; in [0;1) [0;1);
where m 2 N0 and M is some constant.
Proof. From (Theorem 3.1, [2]), every bounded solution of the Cauchy Dirichlet
problem (2.4) for the Hermite heat equation is of the form
U(x; t) =
Z 1
0
fE(x; ; t)  E(x; ; t)g()d;
where  is a continuous and bounded function on [0;1) with (0) = 0 and
E(x; ; t), the Mehler kernel. We write
U(x; t) =
Z 1
0
fE(x; ; t)  E(x; ; t)g()d
=
Z
R
E(x; ; t)h()d;
where
h() =

();   0;
 ( );  < 0:
AN ESTIMATE FOR BOUNDED SOLUTIONS OF THE HERMITE HEAT EQUATION 407
From (2.2), we have@mU(x; t)@xm
  Z
R
@mE(x; ; t)@xm
 jh()jd
 khk1
p
m!e(A+1)m e(m 1)tp

p
1  e 4t(2t)m2
Z
R
e
  ae 2t(x )2
1 e 4t d:
Under the change of variable
p
a e tp
1 e 4t (   x) = s and integrating, we have@mU(x; t)@xm
  khk1
p
m!e(A+1)m
2
m
2
p
a
emt
t
m
2
:
Clearly
t
m
2 e mt
@mU(x; t)@xm
 M in [0;1) [0;1)
if we take M = khk1
p
m!e(A+1)m
2
m
2
p
a
. 
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